Theories on intrinsic or material length scales find applications in the modeling of size-dependent phenomena. In elasticity, length scales enter the constitutive equations through the elastic strain energy function, which, in this case, depends not only on the strain tensor but also on gradients of the rotation and strain tensors. In the present paper, the strain-gradient elasticity theories developed by Mindlin and co-workers in the 1960s are treated in detail. In such theories, when the problem is formulated in terms of displacements, the governing partial differential equation is of fourth order. If traditional finite elements are used for the numerical solution of such problems, then C 1 displacement continuity is required. An alternative ''mixed'' finite element formulation is developed, in which both the displacement and the displacement gradients are used as independent unknowns and their relationship is enforced in an''integralsense''. A variational formulation is developed which can be used for both linear and non-linear strain-gradient elasticity theories. The resulting finite elements require only C 0 continuity and are simple to formulate. The proposed technique is applied to a number of problems and comparisons with available exact solutions are made. Ó
Introduction
Classical (local) continuum constitutive models possess no material/intrinsic length scale. The typical dimensions of length that appear in the corresponding boundary value problems are associated with the overall geometry of the domain under consideration. In spite of the fact that classical theories are quite sufficient for most applications, there is ample experimental evidence which indicates that, in certain applications, there is significant dependence on additional length/size parameters. An extensive summary of this experimental evidence is given in a recent review article by Fleck and Hutchinson [13] . In ''gradienttype'' plasticity theories, length scales are introduced through the coefficients of spatial gradients of one or Comput. Methods Appl. Mech. Engrg. 191 (2002) www.elsevier.com/locate/cma more internal variables. In elasticity, length scales enter the constitutive equations through the elastic strain energy function, which, in this case, depends not only on the strain tensor but also on gradients of the rotation and strain tensors.
A first attempt to incorporate length scale effects in elasticity was made by Mindlin [25] , Koiter [21, 22] and Toupin [40] , who considered ''strain-gradient'' elasticity theories, in which the elastic strain energy density is a function of strain as well as strain and rotation gradients. They solved also a number of problems and demonstrated the effects of the material length scales that enter the strain-gradient elasticity theories [22, 25, 26, 28] . Several theoretical issues related to strain-gradient elasticity were addressed later by Germain [16] [17] [18] . Fleck, Hutchinson and their co-workers extended the Mindlin gradient-elasticity theory and developed a ''deformation theory'' of strain-gradient plasticity [12] [13] [14] . In the recent years, a variety of ''non-local'' or ''gradient-type'' theories have been used in order to introduce material length scales into constitutive models [1, 7, 24, 30, 41, [44] [45] [46] .
The solution of a number of boundary value problems is now available in the literature (e.g. [6, 11, 47, 48] ) including problems of fracture mechanics [2, 15, 20, 39, 42, 43, 49, 50] .
The finite element implementation of ''strain-gradient'' constitutive models has been the subject of several publications, especially in the recent years (e.g. [8] [9] [10] 19, 29, [31] [32] [33] [35] [36] [37] 49] ).
In the present paper, a general methodology for the finite element solution of strain-gradient elasticity problems is presented. In particular, the general family of strain-gradient models developed by Mindlin and co-workers is treated in detail. Mindlin [25] presented several alternative equivalent formulations of his theory by using different kinematic variables in the elastic strain energy density function W. Here, Mindlin's ''Type I'' and ''Type III'' equivalent formulations are analyzed in detail [25, 27] . In the ''Type I'' formulation, W is written as a function of the strain tensor and the second spatial gradient of displacement; in ''Type III'', W is written in terms of the strain, the spatial gradient of rotation, and the fully symmetric part of the second spatial gradient of displacement (or of the gradient of strain). In such theories, when the problem is formulated in terms of displacements, the governing partial differential equations are of fourth order. Therefore, if traditional finite elements are used for the numerical solution of such problems, then C 1 displacement continuity is required. In this paper, a ''mixed'' finite element formulation is presented, in which the displacement and the displacement gradients are used as independent unknowns and their relationship is enforced in an ''integral-sense''. The developed ''Type I'' and ''Type III'' variational formulations can be used for both linear and non-linear elasticity theories such as the strain-gradient ''deformation theory of plasticity'' introduced recently by Fleck and Hutchinson [12] [13] [14] . The resulting finite elements require only C 0 continuity and are simple to formulate. Stress-like quantities which are ''work-conjugate'' to the aforementioned kinematic quantities are introduced and their relationship to the true stress r and true couple stress l is discussed in detail. It is shown that the calculation of r and l is straightforward, when a ''Type III'' formulation is used; however, if the finite element solution is based on a ''Type I'' formulation, the calculation of r and l requires additional ''post-processing'' which reduces the accuracy of the calculated values of r and l. Several finite elements that can be used together with the aforementioned variational statements are studied. Numerical examples for a simple model problem, the problem of a plate with a hole, and a mode-III crack are presented and comparisons with available analytical solutions are made.
Notation and conventions

Tensor products
Standard notation is used throughout. Boldface symbols denote tensors the orders of which are indicated by the context. All tensor components are written with respect to a fixed Cartesian coordinate system with base vectors e i ði ¼ 1; 2; 3Þ, and the summation convention is used for repeated Latin indices, unless otherwise indicated. The prefixes tr and det indicate the trace and the determinant, respectively, a superscript T the transpose of a second-order tensor, and the subscripts S and A the symmetric and anti-symmetric parts of a second-order tensor. Let (a; b) be the vectors, and (A; B) the second-order tensors; the following products are used in the text a Á b ¼ a i b i , ðabÞ ij ¼ a i b j , ða Á AÞ i ¼ a k A ki , ðA Á aÞ i ¼ A ik a k , ðA Á BÞ ij ¼ A ik B kj , and A : B ¼ A ij B ij . A comma followed by a subscript, say i, denotes partial differentiation with respect to the spatial coordinate x i , i.e., A ;i ¼ oA=ox i . The following notation is also used for the symmetric and anti-symmetric parts of a second-order tensor:
2.2. ''Normal'' and ''tangential'' parts of tensors Let S be the bounding surface of a body and n the outward unit normal to S. We consider a vector field a defined on S and define its ''normal'' (a n ) and ''tangential'' (a t ) parts as a n ¼ ða Á nÞn and a t ¼ a À a n :
Similarly, if A is a second-order tensor field A on S, we define its ''normal'' (A n ) and ''tangential'' (A t ) parts as
If A and B are second-order tensors, it can be shown easily that
On S we define also the normal derivative D of a field f as the magnitude of the normal part of rf ¼ f ;i e i , i.e.,
The ''surface gradient'' Df on S is defined as the tangential part of rf , i.e.,
It should be noted that the tangential derivative of the unit vector n normal to the bounding surface S obeys the law
If we consider the second-order tensor, say A, defined by the gradient of a vector field u on S, i.e.,
then it can be shown easily that
i.e., A n consists of the derivatives of the components u i in the direction normal to S, whereas A t contains the derivatives of u i on a plane tangent to S.
In Appendix A we show that for every second-order tensor A,
If we set now A ij ¼ u i;j in the last equation, we find that
3. A review of strain-gradient elasticity theories
Kinematic variables
Let u be the displacement field. The following quantities are defined:
Using the above forms of the elastic strain energy density, one defines the following quantities:
It should be noted also that the so-called ''micropolar theory of elasticity'' [21, 22, 28, 40 ] is a special case of the above theory. In fact, if W W is independent of j j j j ijk , i.e., W ¼ W W ð ij ; j j ij Þ, then l l l l ijk 0 and l l ij becomes the usual ''couple-stress'' tensor.
The variation of the internal work is given in a separate expression for each of the three equivalent forms of W:
where V is the volume of the elastic body. Let f i be the ''body force'' per unit volume and U ij the ''body double force'' per unit volume. Using Eqs. (33)- (35) and making use of Stokes' surface divergence theory, one is motivated to adopt the following form for the variation of work done by external forces for each form of W [25, 27] :
where S is the bounding surface of the elastic body, n ¼ n i ij n j the component of the strain tensor in the direction normal to S, and ðP P;R R;Ẽ EÞ, ðP P;R R;Ê EÞ, ð P P; Q Q t ; R R; E EÞ are generalized external forces, which are defined precisely in the following. In the above equation, the line integrals over C a are included when the outer surface S is piecewise smooth; in such a case, the surface S can be divided into a finite number of smooth surfaces S a (a ¼ 1; 2; . . .) each bounded by an edge C a , and integration is conducted along the arc length of each C a . We note that the body moment per unit volume is M i ¼ e ijk U ½jk , so that the term U ½ij dX ji in (36) Type IP
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where l l n ¼ n i l l ij n j on S. In the above expressions, the double brackets ½½ indicate the jump in the value of the enclosed quantity across C a , and l ¼ s Â n, where s is the unit vector tangent to C a .
Boundary value problems
Mindlin and Eshel [27] have shown that the equilibrium equations and the appropriate boundary conditions for the three equivalent formulations are as follows:
At each point on the boundary S the following are specified: (i) u i orP P i , and (ii) Du i orR R i . If S is piecewise smooth, then u i orẼ E i is also specified at each point on the edges C a .
Type II
At each point on the boundary S the following are specified: (i) u i orP P i , and (ii) Du i orR R i . If S is piecewise smooth, then u i orÊ E i is also specified at each point on the edges C a .
Type III
At each point on the boundary S the following are specified: (i) u i or
, and (iii) n or R R. If S is piecewise smooth, then u i or E E i is also specified at each point on the edges C a . The relationship between the Type I and Type III formulations has been discussed also by Smyshlyaev and Fleck [38] , and Fleck and Hutchinson [13] .
Relation to true stress, true couple-stress and true loads
In this section we discuss the relationship between r r ij ,l l ijk ,l l ijk , l l ij , l l l l ijk defined in Section 3.2 and the ''true'' stresses. Also the relations between the ''external loads'',P P i ,P P i ,
, and the ''true'' loads are discussed.
Let r ij be the usual true stress tensor and l ij the couple-stress tensor. On an infinitesimal area with unit normal vector n, the traction vector t and the couple vector m are related to r and l by
If the body force per unit volume is f i and the body moment per unit volume is M i ¼ e ijk U ½jk , then the principles of linear and angular momentum lead to the well-known equations
Mindlin and Eshel [27] adopt the following expression for the variation of the work done by external forces:
ð52Þ It should be noted that the last two terms in each of the integrals of (52) can be written as
where U is the ''body double force'' per unit volume, and T the ''surface double force'' per unit area (or ''double traction'') defined on S as
Using the above expression for dW ext , and setting it equal to
Mindlin and Eshel [27] have shown that the true stress r is related to r r;l l;l l; l l, and l l l l by the expressions
and the true couple stress l is
l ikp e jkp ¼ 2 3l
In view of the last equation the double traction vector T can be written as
Using the definition of P P i ; Q Q t i ; R R, and E E i given in (43)- (46) and Eqs. (58)- (62) above, we can show easily that the ''mathematical'' loads ð P P i ; Q Q t i ; R R; E E i Þ are related to the true loads ðt i ; m i ; T ðijÞ Þ by the following expressions:
Mindlin and Eshel [27] have shown also that
Using direct notation, we can write the above relationships in the form
The relationship between ''true'' and ''mathematical'' stresses and loads is discussed also by Germain in [16] and [18] , where ''higher-order'' volumetric forces are also considered.
It should be noted that in physical problems one would, presumably, have information about the body force f i and the body double force U ij throughout the volume V, and the true traction t i , the true moment per unit area m i , and the double traction T ðijÞ on the surface S. Eqs. (64)-(70) indicate the way in which this information is to be employed in setting up the boundary ''loads'' in any of the three equivalent boundary value problems discussed in Section 3.3 within the framework of strain-gradient elasticity. It should be noted though that the true loads (t i ; m i ; T ðijÞ ) cannot be prescribed directly; instead, they enter the boundary conditions in certain combinations according to (64)-(70). Finally, after any of the three boundary value problems of Section 3.3 has been solved, the true stresses r ij and true couple stresses l ij are determined from Eqs. (56)-(62).
Variational formulation
A given boundary value problem in strain-gradient elasticity can be formulated in any of the three equivalent ways discussed in the previous section. Here we discuss the Type III formulation and emphasize the calculation of true stresses and true couple stresses. A brief discussion of the Type I formulation is also presented.
Type III formulation
The governing equations in V are:
ij ; ð79aÞ r r
The corresponding boundary conditions are
. We recall that, if we omit the terms involving j j j j in W W , set l l l l ¼ 0 and S ¼ S R ¼ ;, then we recover the standard boundary value problem of ''micropolar elasticity'' [21, 22, 28, 40] .
In the following, we present a variational formulation of the problem, in which u; x; , and r r ð2Þ are viewed as the primary unknowns. In particular, the quantities u; x, and are considered as independent variables subject to suitable side conditions. These side conditions are: 1. the kinematical equations u i;j ¼ ij À e ijk x k in the entire body, and 2. the expression of the tangential part of the ij À e ijk x k on the entire surface S in terms of the tangential derivatives D j u i of the displacement, i.e.,
In the variational formulation, the following equations are stated in an integral form: • the equilibrium equations (78) and the traction boundary conditions (84) and (90),
• the relationship between r r ð2Þ ij ; l l ij , and l l l l ijk (79b) and the double force boundary conditions (86) and (88),
where L 2 is the space of square integrable functions.
In the following, we use Green's theorem in Eqs. (92)- (94), reformulate Eq. (96), and derive the weak form of the problem.
Equation (92)
In Appendix B we show that Z
Using Eq. (12) we find that
Therefore, so that (99) can be written as Z
Also, according to Stokes' theorem Z
Taking into account (102) 
Equation (96) Guided by (101) and (104) and in order to simplify the formulation, we set in (96)
without loss of generality (as X Ã ij ; T Ã ðijÞ , and l l nÃ are all arbitrary). Then (96) is equivalent to the following two equations: Z S ½u ði;jÞ À 2 n j n k u ½i;k À n i n j n p n q u ðp;qÞ À ð ij þ 2 n j n k e ikp x p À n i n j n p n q pq Þ T Ã ðijÞ dS ¼ 0; ð110Þ 
Z S ½u ði;jÞ À 2 n j n k u ½i;k À n i n j n p n q u ðp;qÞ À ð ij þ 2 n j n k e ikp x p À n i n j n p n q pq Þ T Ã ðijÞ dS ¼ 0; ð116Þ
where l l n ¼ m Á n is the normal component of the couple vector m ¼ n Á l l on S, T ðijÞ ¼ n k l l l l kij is the symmetric part of the double traction vector T on S, 
The finite element formulation presented in Section 4.2 is based on the above weak form. The quantities u; x; , and r r ð2Þ are the nodal unknowns and the true stress and true couple stress are calculated easily in a finite element solution by using the equations 
where U ij ¼ 0 is assumed. It should be noted that in the special case of a two-dimensional problem we have that
where all components refer to the Cartesian axes Ox 1 -Ox 2 on the plane of the problem, and e 1 and e 2 are the corresponding base vectors. In that case 1 2 e ijk u k;j e i ¼ 
½u ði;jÞ À 2 n j n k u ½i;k À n i n j n p n q u ðp;qÞ À ð ij þ 2 n j n k e ikp x p À n i n j n p n q pq Þ n r l l l l rij dS
e ijk u k;j n i À x i n i Þ n p l l pq n q dS; ð123Þ
The stationarity condition dP ¼ 0 implies the appropriate field equations and boundary conditions, r r
e ijk l l pk;p in V, and D j u i ¼ ð ij À e ijk x k Þ t on S. It should be noted that the quantities r r ji , n r l l l l rij and n i l l ij n j in the above functional are Lagrange multipliers that enforce the corresponding constraints in V and on S.
In the two-dimensional case, the last term in the above functional vanishes identically and the integrals over C a E are replaced by
where the sum over a refers to any corners that may exist on the bounding curve of the two-dimensional body.
In the special case of micropolar elasticity ( l l l l ijk ¼ 0; S ¼ S R ¼ ;), the above functional takes the form e ijk l l pk;p in V, and 1 2 e ijk u k;j n i ¼ x i n i on S. In the two-dimensional case, the last term in the above functional vanishes identically, and the functional reduces to that used by Herrmann [19] for the solution of two-dimensional problems using the finite element method. It should be emphasized though that, in three-dimensional problems, the last term in (125) does not vanish identically and must be included in the formulation.
Type I formulation
In this section we discuss briefly the alternative Type I formulation. Following the steps of the previous section, we can show easily that the solution to the problem can be formulated alternatively by the stationarity condition dP ¼ 0 of the functional Pðu; a;r r ð2Þ Þ ¼ Z VW W ðu ði;jÞ ;j jðaÞÞ dV þ
wherej j ijk ðaÞ ¼ a kði;jÞ ,l l ijk ¼ oW W =oj j ijk , with du ¼ 0 on S À C P and C a À C a E , and n Á da ¼ 0 on S À C R . The stationarity condition dP ¼ 0 implies the appropriate field equations and boundary conditions, the relationshipr r ð2Þ ij ¼ Àl l kij;k in V, and D j u i ¼ a t ij on S. In the above functional the quantitiesr r ð2Þ ji and n kl l kji are Lagrange multipliers that enforce the corresponding constraints in V and on S.
The above functional can form the basis for a finite element solution, in which the nodal unknowns are u, a, andr r ð2Þ . In fact, Shu and Barlow [36] presented recently a finite element formulation which corresponds to the above functional, if the last term in (126) that enforces the condition D j u i ¼ a t ij on the boundary S is omitted. Omission of this term results in non-symmetric stiffness matrices in the finite element solution. Our experience has shown that omission of the aforementioned boundary terms causes undesirable oscillations of the numerical solution on the boundary of the body.
It should be mentioned also that the numerical calculation of the true stresses and true couple stress in a finite element solution is not trivial, when a Type I formulation is used. In such a finite element solution, one can calculate easily the stress-like quantity r r ij ¼ r r ij þr r
which is different from the true stress r ij in general. In fact, using Eqs. (56), (59) and (62) 
In a finite element solution of a Type I formulation the quantities r r ij ,r r ð2Þ ij , andl l ijk are available readily. However, the calculation of the true stress r ij according to Eq. (128) requires the numerical evaluation of l l ijk;k , which reduces the accuracy of the calculated value of r ij .
We conclude this section with a statement of the weak form of the Type I formulation. Find 1. uðxÞ 2 H 1 satisfying u ¼ũ u on S u and u ¼ũ u a on C a u , 2. aðxÞ 2 H 1 satisfying a Á n ¼d d on S À C P , and 3.r r ð2Þ ðxÞ 2 L 2 , such that for all u
withW W ¼W W ðu ði;jÞ ;j j ijk ðaÞÞ, and
Finite element applications
In the examples that follow, we consider a material with an elastic strain energy density of the form W ¼W W ð;j jÞ ¼Ŵ W ð;ĵ jÞ ¼ W W ð; j j; j j j jÞ; ð135Þ
In the above equations, l and k are the usual Lam e e constants and ' is a material length scale. It should be noted that, if we definer r
ji andr r ij ¼ r r ij Àl l kij;k ¼r r ji , then it can be shown readily that, for the aforementioned constitutive model, the following equation holdŝ
For this particular constitutive model, Ru and Aifantis [34] have shown that, for a traction boundary value problem (S P ¼ S; S u ¼ ;), the solution for the aforementioned quantityr r ij of the strain-gradient elasticity problem equals the stress field of the corresponding classical elastic solution (i.e., with ' ¼ 0); however, the corresponding displacement fields are different in general. For the gradient model presented above, several boundary value problems have been solved analytically (e.g., [11, 15] ). In the following, a number of boundary value problems are solved by using the variational formulations presented in Section 4 together with the finite element method and the obtained numerical solutions are compared to the corresponding analytical solutions.
Plane strain problems
Element development
We consider three different plane-strain elements and apply the ''patch test'' [51] in order to evaluate their performance. The finite element formulation is ''mixed'' [51] (as opposed to''irreducible'') and independent interpolations for u; x; , and r ð2Þ (or u; a, andr r ð2Þ ) are used. The following elements with isoparametric interpolations are studied first (see Fig. 1 ): 1. III5-28: is a 5-node element with 28 degrees of freedom. The quantities ðu 1 ; u 2 ; x 3 ; 11 ; 22 ; 2 12 Þ are used as degrees of freedom at the four corner nodes; the fifth node is located at the centroid of the element and the nodal degrees of freedom are ð r r 
½12 Þ are used in the isoparametric plane. The resulting global interpolation for all nodal quantities is now continuous in a finite element mesh. The general mathematical conditions for solvability and stability of mixed finite element discretizations are the so-called Babu s ska-Brezzi (BB) [3, 4] conditions (see also [5] ). In a recent article, Zienkiewicz and Taylor [52] claim that the satisfaction of the patch test in a mixed finite element formulation is equivalent to the satisfaction of the mathematical BB conditions.
The patch test is applied in the domain shown in Fig. 2 . In a Type III formulation the following quantities are prescribed:
• ðu 1 ; u 2 ; x 3 ; 22 Þ on AB and CD, and • ðu 1 ; u 2 ; x 3 ; 11 Þ on BC and AD.
The aforementioned boundary conditions are consistent with a displacement field of the form 
The coefficients a i ; b i ; . . . ; H i ; K i in the above equations are all constants. All three element types are capable of representing exactly the aforementioned fields. The true stresses r ij corresponding to the above displacement fields are calculated easily by using the relationship r ij ¼ r r ij þ r r
e ijk l l pk;p together with the constitutive equation presented in the beginning of Section 5. The required body forces for equilibrium are f i ¼ Àr ji;j , i.e., f 1 ¼ Àd 2 ðk þ lÞ and f 2 ¼ Àd 1 ðk þ lÞ for the displacement field (145), and 
for the displacement field (146). Typical patch configurations are shown in Fig. 3 . The discrete finite element equations are derived from (112)-(117) or, equivalently, from the functional (123). The element stiffness matrices are calculated numerically: for the element III5-28 a 2 Â 2 Gauss rule is used for the area integrals and a 2-point Gauss integration is used for the line integrals over the boundary in (112)-(117). Similarly, a 3 Â 3 Gauss rule is used for the area integrals and a 3-point Gauss integration for the line integrals over the boundary are used for the elements III13-70 and III9-70. The resulting global stiffness matrices are symmetric and have zeros on the diagonal locations corresponding to the degrees of freedom r r
ij . The solution of the linear system of equations is obtained by using the LAPACK library [23] (subroutine DGBSV for banded matrices).
In the patch test, after all boundary conditions are enforced, the ''count test'' [52] is applied for the remaining degrees of freedom in the problem:
where n u ; n x ; n , and n r are the number of the remaining degrees of freedom corresponding to u; x; , and r ð2Þ , respectively. The above condition is necessary for solvability [5] ; obviously, if (149) is not satisfied, the patch test has failed. If (149) is satisfied, the solvability of the finite element equations can be ascertained by computing the eigenvalues of the symmetric global stiffness matrix and ensuring that no zero eigenvalues are present.
It is a straightforward exercise to show that with an N Â N patch of elements, the count test is passed always by all three elements considered.
The eigenvalues of the stiffness matrices are examined next and the results are summarized in Table 1 . The spurious zero eigenvalues appearing for the III5-28 and III13-70 elements indicate that they fail the patch test. The element III9-70, with the globally continuous r ð2Þ field, has no spurious zero eigenvalues, reproduces the exact solution and passes the patch test (except for the special case of the 1 Â 1 patch). 1 Single-element tests are known to be very stringent; e.g., in incompressible linear isotropic elasticity, the one-element test has failed by most continuous pressure approximations whose performance is known to be acceptable in many situations [51] . For this reason, more importance is attached to the assembly test.
It should be mentioned also that if the terms involving integrals over the boundary S in (123) are omitted, then III9-70 fails to produce the exact solution.
Several elements that can be used in a Type-I formulation are examined next. The elements are shown in Fig. 4 and the corresponding nodal degrees of freedom are u; a, andr r ð2Þ . The domain shown in Fig. 1 is used again in the patch test. The following boundary conditions are prescribed in this case: The behaviors of these elements are similar to those of the corresponding elements in the Type III formulation, i.e., the element I9-70 passes the patch test, whereas the elements I5-28 and I13-70 fail in it.
An infinite plate with a hole
In this section we consider the problem of an infinite plate with a hole of radius a subjected to biaxial tension p at infinity under plane strain conditions as shown in Fig. 5 . The constitutive model presented in the beginning of Section 5 is used to describe the mechanical response of the elastic material. 
Therefore, using Eqs. (71)- (74), we find that the ''loads'' P P; Q Q t , and R R that appear in the boundary conditions are given by region near the crack tip, which is located at point O. The asymptotic mode-III linear elastic displacement field
is applied remotely on the boundary ABCD of the domain shown in Fig. 7 . In the above equation u 3 is the out-of-plane displacement component, K III is the usual mode-III stress intensity factor, and ðr; hÞ are crack tip polar coordinates. The constitutive model presented in the beginning of Section 5 is used to describe the mechanical response of the elastic material. The displacement field in this problem is of the form
The only non-zero kinematical quantities in this case are a 31 ¼ 
32 are non-zero in general. The solution of this problem has been developed by Georgiadis [15] , who used a Type II formulation and presented his results for the stress-like quantityr r ij ; however, it can be shown easily that for this particular problemr r 13 ¼r r 13 ¼r r 31 ¼ r 13 andr r 23 ¼r r 23 ¼r r 32 ¼ r 23 (butr r 31 6 ¼ r 31 andr r 32 6 ¼ r 32 ). Georgiadis [15] has shown that the variation of r 23 ahead of the crack is of the form 
Georgiadis [15] has shown also that the asymptotic behavior of Eq. (169) as r ! 0 is
Also, the asymptotic form of the crack opening displacement is [15] u 3 ðr; h ¼ pÞ ¼
The problem is solved numerically using the element shown in Fig. 8 . The element I9-35 is a 9-node isoparametric element with 35 degrees of freedom and is used with the Type I formulation. The quantities (u 3 ; a 31 ; a 32 ) are used as degrees of freedom at all nodes; the quantities (r r The following boundary conditions are prescribed (see Fig. 7 ): • u 3 ¼ 0 andR R 3 ¼ 0 on OA, • u 3 and a 31 ¼ u 3;1 on AB, • u 3 and a 32 ¼ u 3;2 on BC, • u 3 and a 31 ¼ u 3;1 on CD, •P P 3 ¼ 0 andR R 3 ¼ 0 on OD, •Ẽ E 3 ¼ 0 at all corners.
The finite element mesh used in the computations is shown in Fig. 9 . The triangular elements at the crack tip are derived from the I9-35 element by coalescing all three nodes on one side of the original element; all nodes are ''tied'' together at the crack tip. In the finite element computations the domain size L (see Fig. 10 is 1000 ' and the radial size of the crack tip elements is 0:0004 '. A total of 1600 elements and 23 045 degrees of freedom are used in the calculations. Fig. 11 shows the variation of r r 23 ðr; h ¼ 0Þ on a logarithmic scale. Curve II in Fig. 11 represents the near-tip asymptotic solution of Eq. (172), whereas curve I corresponds to the value of r 23 given by the traditional mode-III asymptotic solution of linear elastic fracture mechanics, i.e.,
As before, the results of the finite element solution are along the radial line h ¼ 4:5°. The finite element solution agrees well with the asymptotic solution (172) near the crack tip and follows closely the traditional asymptotic solution (174) far away from the crack tip. Fig. 12 shows the radial variation of the crack opening displacement u 3 ðr; h ¼ pÞ together with the asymptotic curve of Eq. (173). 
Closure
The numerical examples presented in the previous section are all for the linear constitutive model presented in the beginning of Section 5. It should be emphasized though that the Type I and Type III variational formulations developed in Section 4 can be used for both linear and non-linear elasticity theories such as the strain-gradient ''deformation theory of plasticity'' introduced recently by Fleck and Hutchinson [12] [13] [14] . 
